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A description of transient behavior of a spherical l iquid drop rising or fal l ing in  a 
quiescent continuous f ie ld  has been obtained by numerical methods. It i s  found that 
for the same disperse phase to continuous phase density ratio, the transient behavior 
of a l iquid drop is usually intermediate between that of a gas bubble and a sol id 
sphere. However, a t  the region where V/Vm of a sol id sphere i s  approximately 
equal to that o f  a gas bubble, the l iquid drop generally has a higher value of V/Vm 
than either the gas bubble or the sol id sphere. 

For short times, behavior of a l iqu id  drop i s  shown to  be i n  agreement with that 
obtained from potential flow theory. 

We consider a liquid drop falling or rising from rest in a 
stationary liquid field. We restrict our analysis to  the case 
where there i s  no mass transfer across the interface and 
where the drop remains spherical for all times. Further- 
more, we will consider only the low Reynolds number or 
creeping flow region of the unsteady motion. Special cases 
of this problem have been treated previously. A solution 
for solid spheres with zero s l ip  velocity at the interface 
was obtained by Basset (I), and a solution for gas  bubbles. 
where the tangential s t ress  vanishes a t  the interface, was 
developed in our earlier paper (5). Here we will consider 
the general case where the drop has a finite density and a 
finite viscosity. 

VELOCITY PROFILES IN LAPLACE TRANSFORM 
SPACE FOR ARBITRARY MOTION OF THE DROP 

Formulation of the problem was presented in our earlier 
paper. Here we merely summarize the results pertinent to  
our generalized analysis. For creeping flow, the equation 
of motion in the spherical coordinate system (see Figure 1) 
can be written as 

where I,!J i s  the Stokes stream function which i s  related to 
the radial and tangential velocities by 

and 

u g =  - 1 - a +  ( 3) 
r sin 6 a r  

The differential operator EZ is defined by 

(4) 

The eight boundary and four initial conditions needed to 
integrate Equation (1) are 

u r = O  at r = a  ( 5 )  

C r = O  at r = a  (6) 

u O = C B  at r = a  (7) 

I Fluid approaches at  
velocity vm J. 

‘t 
I Radius of sphere = a 

X 

Fig. 1. Coordinate system used i n  describing f low around 
a f lu id  sphere. 

c r  = finite at r = O (10) 

(11) 

T r 8 =  T r 8  at r =  a (12) 

= finite at r = o 
* 

where a is the radius of the drop and the overline refers to 
the inside flow field. The velocity V ( t )  of the center of 
mass of the drop i s  assumed to be known and i s  taken to be 
in the direction of the polar axis. The solution for these 
boundary conditions can be extended to three-dimensional 
trajectories by superposition. For the case where the drop 
starts from rest  

u r = O  at t = O  (13) 

U g = O  at t = O  

6,=O at t = O  

6,=O at t = O  
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We now define dimensionless variables as sions for p and F ,  Equations ( 2 3 )  and ( 2 4 ) ,  by a rather 
tedious process. The application of boundary conditions 
(30) and (31) requires use of 1'Hospital's rule, but the a p  
plication of other boundary conditions i s  straightforward. 

t* = - v t  (17 )  
a' 

r 
a 

r* = _. 

l)* = $ 

a4 ( P - a g  - 
P 

E*' = a2EZ 

v*= " 
( p  - ;, 

g a' ~ 

P 

The solution we seek i s  in the form of 

l) = f ( r ,  t )  sin2 8 

or 
I)* = r" (r*, t*)  sin2 8 

= f* sinZ 8 (22 )  

The complete solution o f f *  in Laplace transform space 
for the outside flow field i s  

+ c, e-G'* (fi+ $) +AT*'+ B - (23)  
r* 

We define 

(24) 

(18) GRAVITATIONALLY INDUCED MOTION 

We now proceed to the determination of V ( t )  for accelera- 
tion of an initially stationary drop under the influence of a 
gravitational field. This i s  a direct extension of our earlier 
work for gas  bubbles and that of Basset for solid spheres. 
Now, however, we must begin, by detailed consideration of 
the unsteady motion within the drop, t o  determine i ts  con- 
tribution to total momentum accumulation in the system. 

Effect of Internal Circulation on Acceleration 
We begin, as  in our previous paper, by considering the 

buoyant and inertial forces acting on the sphere. These 
sum to 

- 

just as for the outer phase and find that 
form a s  given by Equation (23)  for the external phase. 

take the form 

has the same 

The boundary conditions in the Laplace transform space 

+ p̂  in La 12n ($) r2 sin 8 d+ dr d8 (33) 

where the first term on the right-hand side represents ac- 
celeration of the center of mass; the second term i s  the 
gravitational force on the fluid in the sphere; and the third 
term represents acceleration of the fluid in the sphere rela- 
tive to the center of mass. The las t  term in Equation (33 )  
i s  identically zero for solid spheres and negligibly small 
for gas bubbles. Here, however, it  m u s t  be examined c a r e  
fully. In terms of the above-described velocity components 

(34)  - 1  

u z  = u r  cos 8 - U^S sin 8 

- and in transform space 

- A u , = - -  2 cos' 8 - 1 .  f - - sin' 8 - df  
r2 r dr 

The las t  term in Equation (33 )  then becomes 

F j J J p ; . I '  sin 8 d8 dr d+ 

W e  can now determine the eight constants in the expres- 

(35) 

- 

+ I" in r f sin3 8 d8 dr 

We now integrate with respect to 8 and rewrite the las t  
term through formal integration by parts to obtain 

jJJ p z r 2  sin 8 d8 dr d+ 

The @rm X r r  evaluated at both zero and a i s  zero be- 
cause f i s  finite at r = 0 and zero at r = a. Therefore we 
conclude that internal circulation will not contribute to the 
force balance. 

Determination of V* 

pressure forces on one side and buoyancy and inertial 
W e  can now make a force balance between viscous and 
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forces on the other. Equating these forces, we have 

..'6"(-.- + 2 ~ ~ ~ )  sin' 0 d0 

qualitatively similar for a l l  the  systems studied, there are 
some interesting differences between them. First it may be 
noted that for both t* --t 0 and t* ---f w the dimensionless 
velocities of liquid drops are usually intermediate between 
those of solid spheres and gas  bubbles of the same density 
ratio ,2 /p .  At low t* the gas  ( f i  = 0 )  and solid (,I? = m) curves 
represent upper and lower bounds on liquid drop velocities, 
respectively. At high t* this situation is reversed since 
the solid and gas  curves cross. However, for intermediate 
t* ,  where the solid and gas curves nearly ccincide, liquid 

ap a~~~ 
d 0  a 6  

4 4 
3 3 

= - nu3 FV'( t )  + - nu3 cg (38) 

Taking the Laplace transform of the above equation and 
substituting the value of 
tain the velocity in Laplace transform space 

obtained earlier, we finally ob- 

where ~1 = (1/2 + ;//p). 
It can be shown, through use of the final value theorem 

and 1'Hospital's rule, that the unsteady state velocity ob- 
tained approaches the correct limit as t approaches infinity, 
that is 

It can also be shown that the unsteady state stream func- 
tions approach Hadamard-Rybczynski stream functions for 
large t .  

Determination of Unsteady State Velocity by Numerical 
Inversion of the Laplace Transform 

be feasible. We therefore resort to the use of numerical 
techniques. An extensive discussion of the method we 
used can be found in Bellman et al. ( 3 ) .  

transform of a function f ( t )  

Inversion of V* by analytical methods does not seem to 

In numerical inversion, we assume that the Laplace 

can be approximated by a quadrature formula 

(42) 

after appropriate change of variable to reduce the limit of 
integration to a finite interval. If we le t  x = exp-t, the  
quadrature formula becomes 

By letting p assume different values, say,  p = 1, 2 .  . . N ,  
we obtain a linear system of N equations in N unknowns 
f(-ln x i ) .  We can then determine the value of f over the 
range of -In x j to  -In X N  by various methods available for 
solving linear sys tem of equations. An explicit approxi- 
mate formula can be obtained by taking oi and x i  to be the 
weights and roots of the shifted Legendre polynomial, re- 
spectively ( 3 ) ;  this is the method that is employed here. 

Some representative numerical results are presented in 
Figures 2 and 3. It is noted that for the same viscosity 
ratio, the greater the ratio of dispersed phase to continuous 
phase density, the faster the terminal velocity i s  reached. 

Figure 3 shows that while the functions V( t* ) /V ,  are 

velocities are generally higher than either solid or gas. 
This  is shown in Table 1 for c / p  > 0.5. 

It remains to estimate the reliability of these numerical 
results. There i s  as yet no formal method for analyzing 
emors in numerical inversion of Laplace transforms. One 
can, however, determine the sensitivity of results to the 
number of significant figures carried througk the intermediate 
calculations and to  the size of the inversion matrix used (3) .  
It is also possible to estimate the magnitude of inversion 
errors by comparison with similar problems for which an 

0 frirn 15 I 15 motrir 

,011 I f , * ' > ' ' 1  

.o I . I  t' I .o 10 

Fig. 2. Unsteady stote velocity of f lu id  sphere for different 
ratios of p^/p  a t  G/,u = 1. 
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Fig. 3. Unsteady state velocity of f lu id  sphere for different 
ratios of  p / p .  
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TABLE 1. NUMERICAL VALUES O F  V / V ,  FOR VARIOUS 

RATIOS OF i/p AND F / p  WHEN (5); =(;); 
V 

v, 
t* - ; /p=0 ;/p=0.5 ; /p=l c / p = m  

0.00319 0.0185 0.0194 0.0197 0.0200 0.0202 

0.00789 0.0445 0.0445 0.0442 0.0438 0.0425 
; /p= 0 

0.00241 0.0663 0.0685 0.0688 0.0687 0.0675 

0.00361 0.0947 0.0962 0.0959 0.0949 0.0912 
z / p  = 0.5 

* 0.1194 0.1470 0.154 0.155 0.155 0.151 
p / p =  1.5 - 

0.1539 0.183 0.190 0.190 0.189 0.182 

0.1982 0.187 0.195 0.197 0.197 0.191 

0.2578 0.233 0.241 0.242 0.241 0.232 
a p =  2 

and 

We can e x  and Equation (44) in an infinite series of exact solution i s  available. Checks of this type indicate 
that our calculated velocities are correct to within a few 
tenths of a percent of terminal velocity. 

Comparison of numerical and analytic inversion for the 
case of solid spheres is particularly useful here for estima- 
tion of inversion accuracy. For this case inversion with 11 
significant figures and a 15 by 15 matrix gave an average 
error of 0.2% of terminal velocity. This error was very 
insensitive to V / V ,  and was reduced to 0.1% by use of 12 

However, as more significant figures are used, the error 

p - n / 2  e-m 2 P to obtain 

9 i ;  

1 1 2 P  
_ _  

+ ... - 
/I* = ~ - -____ 

P 
significant figures. 9 -  

for lower range of V / V ,  reduces further, while that for 
higher value of V / V ,  remains more or l e s s  constant. It a p  
pears that calculations for intermediate velocities have the 
smallest error when compared with analytic results, while 
the points at the extremes generally have a higher relative 
error. Since behavior for small t* and the final value of 
V ,  for t* approaching infinity can be derived analytically, 
the method of numerical inversion appears to be well-suited 
for this problem. 

No direct comparison of results for different matrix s izes  
was made. However, velocities calculated from 5 by 5 and 
15 by 15 matrices (shown in Figure 2) appear to be in good 
agreement. 

solid and fluid spheres suggests that numerical inversion 
errors should be of the same magnitude for both. 

The generally similar relation between V / V ,  and t* for ee6G+ . . . (50) 

Unsteady State Behavior for Short Time Inversion can now be carried out in a straight forward 
manner (4) :  

We note that we can rearrange q* into the form of 
9 ;  _ _  
2 P  t * % +  ... 1 

a 
V*( t*)  = - t* - v* = - 

1 
= ?-{ % - - (A1A4 - AA3) e-2G 

P A 3  A: ,. 
P 9 -  

A4 1 + - ( ~ 1 ~ 4  - ~ 2 ~ 3 )  e - 4 G  - (4t* )% i 3  erfc __ 
fl 

A 2  a2 (1 + 

4 

A3 

- 4 (A1A4 - A A 3 )  e-6G+ * - 
2 

* (4 t * )% i 3  erfc - - . . . (51) P where - 
A,  = p% - 6dP+ 9 + It ( p z  - 3p + 6 f i  - 6) (45) d F  

P 
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where 

(52) 

Thus we have 

lim V*( t*)  = - 1 t* (53) 
t *  +o a 

or 

(54) 

which i s  in agreement with the potential flow solution ( 2 ) .  
A discussion of this i s  given in our earlier paper (5).  

DISC USSlON 

This paper i s  an extension of our earlier analysis of un- 
steady flow about an inviscid sphere and i s  subject to much 
the same limitations. The results are asymptotic expan- 
sions valid only in the limit of vanishingly small Reynolds 
number N R ~  = &V,/u and Weber number N w e  = paV%/u. 
The Reynolds number must be small enough to permit 
neglect of the inertial term [v - V vl of the equation of 
motion, and the Weber number must be small to prevent 
significant distortion of the drop. I t  is however a lso true, 
just as for the inviscid sphere of our previous paper, that 
for small t* the creeping flow and potential flow solutions 
are identical. This is because of t h e  symmetry of the flow 
field, as discussed in our previous paper. 

at t -+ M, we have, from Equation (40) 
For the requirement that N R ~  << 1, where N R ~  i s  taken 

a3PgIP-; l  

P’ 

where the factor - (’ + ’A i s  dropped as it varies from ?; 
3 (2w+3w) . .  

to 
quire that N w e  << 1 for the drop to remain spherical. Hence 
we have 

and i s  therefore not a significant factor. We also re- 

From the condition that N R ~  << 1, the above inequality can 
be simplified to 

aZglP-;l 
U 

It i s  noted that those requirements do not impose any limita- 
tion on density and viscosity ratios of the  two phases. 

For very short time, V ( t )  is given by Equation (54) and 
the requirement that N R ~  << 1 takes the form 

The corresponding requirement on Nwe i s  

For t - 0, those two conditions are satisfied automatically. 
In other words, the solution is valid as long as we have 

t --P 0. This  can also be deduced from the fact that both 
creeping flow and potential flow give the same solution in 
the limit t - 0. 
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N O T A T I O N  

A,,A,,A,,A, = functions of p as defined in Equations (45) 
to  (48) 

A,B = arbitrary functions of t ime as in Equation (23) 

E’ = differential operator a s  definei by Equation 
a = radius of sphere (L) 

(4) (L-2) 

C,,C, = constants in Equation (23), dimensionless 
F = force due to  viscous shear and pressure 

f = arbitrary function of r ,  t in EqJation (22) 

g = gravitational acceleration ( L t - 9  

(MLt-2) 

(L5t-’) 

N R ~  = Reynolds number, k V / u  
NWe = Weber number, paV’ /a  

p = Laplace transform variable 
P = pressure (ML-lt-’) 
r = radial distance ( L )  
t =t ime ( t )  
v = velocity vector (Lt-’) 

V ( t )  = velocity of sphere (Lt-’) 
V Y t )  = dV/d t  = acceleration of sphere (Lt-’) 

Greek Letters 

a = dimensionless variable as defined by I h a t i o n  (22) 
0 = angle in spherical coordinate system 
p = viscosity (ML-’t-’) 
I/ = kinematic viscosity (L’t-’) 
p = fluid density (ML-3) 
u = interfacial tension (ML’t-’) 

T~~ = normal s t ress  tensor 
T,+ = tangential s t ress  tensor (Mt-’L-’) 

4= angle in spherical coordinate system 
I,/J = stream function (L3t-’) 

wi = weighting function 

Superscripts 
-= inner flow field quantities 

Figure 1) 

Figure 1) 

* = dimensionless quantities as defined by Elquations (17) 
to (21) 

- := Laplace transformation 

Subscri pts 
r = radial distance 
0 = tangential distance 
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